Eur. Phys. J. C 34, 317-326 (2004)
Digital Object Identifier (DOI) 10.1140/epjc/s2004-01713-9

THE EUROPEAN
PHYSICAL JOURNAL C

The number of colors in the decays %, 7, ' — v~

B. Borasoy®

Physik Department, Technische Universitat Miinchen, 85747 Garching, Germany

Received: 12 August 2003 / Revised version: 31 January 2004 /
Published online: 23 March 2004 — (© Springer-Verlag / Societa Italiana di Fisica 2004

Abstract. The decays 7°, 1,1 — 7 are investigated up to next-to-next-to-leading order in the framework of
the combined 1/N. and chiral expansions. Without mixing of the pseudoscalar mesons the N. independence
of the 7° and 7 decay amplitudes is shown to persist at the one-loop level, although the contribution of
the Wess—Zumino—Witten term to the pertinent vertices is not canceled by the N. dependent part of a
Goldstone—Wilczek term. The decay amplitude of the singlet field, on the other hand, depends strongly
on N. and yields under the inclusion of mixing also a strong N. dependence for the n decay. Both the 7
and 7’ decay are suited to confirm the number of colors to be N, = 3.

1 Introduction

Experimental evidence suggests that we live in a world
with three colors. At high energies the Drell ratio for eTe™
annihilation supports N, = 3, while in the low-energy
regime below 1GeV the anomalous decay of the 7° into
two photons, 70 — 7, is presented as a textbook example
to confirm the number of colors; see e.g. [1]. The quark
charges are assumed to be independent of IV, yielding at tree
level a width I’;o_,~., proportional to N, 2 thus being quite
sensitive to the number of colors. However, it was shown
recently in [2] that the cancellation of triangle anomalies in
the standard model with an arbitrary number of colors leads
to N. dependent values of the quark charges. For three light
flavors (u,d,s) N, enters as a quantized prefactor of the
Wess—Zumino-Witten (WZW) term [3,4], but the vertex
with one pion and two photons is completely canceled by
the N, dependent part of a Goldstone-Wilczek term [2,5].
A similar cancellation also occurs for the decay n — -, if
one neglects 77’ mixing.

On the other hand, the quark triangle diagram of the
microscopic theory describing the decay 1y — 7y of the
flavor singlet is N,. dependent and hence due to n—7’ mixing
the decay width of the n will also pick up an N, dependent
portion. If one works with different up- and down-quark
masses, m, # mg, the 7° will also undergo mixing with
the -1’ system and its decay width into two photons will
have an — albeit small — N, dependent piece.

Loop diagrams which have not been discussed in [2]
can be another source of IV, dependence for the two-photon
decays. As we will see, the vertices of the one-loop diagrams
contain indeed an N, dependent piece that does not cancel
out in the sum of the WZW and Goldstone-Wilczek terms.

In order to investigate systematically the effects of mix-
ing and loops for the two-photon decays of 7%, 1 and 7/,
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we include the 1’ explicitly within the combined frame-
work of chiral perturbation theory (ChPT) and the 1/N,
expansion, so-called large N, ChPT [6-8].! In this theory,
the 79 is combined with the octet of pseudoscalar mesons
(m, K, ns), since in the large N, limit the axial U (1) anomaly
vanishes and the 7’ is converted into a Goldstone boson.
In the present work, we evaluate the decay amplitudes of
79, n and 1’ up to next-to-next-to-leading order at which
loops start contributing in large N, ChPT.

This paper is organized as follows. In the next section,
we discuss the WZW term under the inclusion of the 7'.
We will see that it can be decomposed into the conven-
tional SU(3) WZW Lagrangian, the Goldstone—Wilczek
term and counterterms of unnatural parity. In Sect. 3 the
calculation for the decays up to next-to-next-to-leading or-
der is presented. Numerical results and the importance of
N, dependent contributions are discussed in Sect. 4. Sec-
tion 5 contains our conclusions, and the scaling behavior of
the coupling constants under changes of the QCD running
scale is presented in Appendix A.

2 Wess—Zumino—Witten term

In this section we will first briefly outline the method of
extending the SU(3) r x SU (3) 1, chiral rotations of the effec-
tive Lagrangian in conventional ChPT to U(3) g x U(3), in
amore generalized framework including the " [6,8]. Within
this approach the topological charge operator coupled to
an external field 0 is added to the QCD Lagrangian

2

_ _ 9
£=Laco — 15 (1)

0(x)tr, (GWG’“”) ,

1 For an alternative approach to include the n’ without em-
ploying large N, counting rules, see, e.g., [9].
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with G, the gluonic field strength tensor, é;w = €uvag GeP
its dual counterpart, and tr. is the trace over the color in-
dices. Under U(1)g x U(1)r, the axial U(1) anomaly adds
a term —%Nf(a}{ — ap)tre(G,,G*) to the QCD La-
grangian, with Ny being the number of different quark
flavors and ag/r, the angle of the U(1)g,r, rotation. The
vacuum angle 6(x) is in this context treated as an exter-
nal pseudoscalar source that transforms under axial U(1)
rotations as

O(z) = 0'(z) =0(x) +ilndet R —Indet L, (2)

with R, L € U(1), so that the term in the anomaly pro-
portional to the topological charge operator of the glu-
ons is compensated by the shift in the 6 field. There are,
however, further axial anomalies which are accounted for
within the effective theory by the WZW term. The dy-
namical variables of the effective theory are the pseu-
doscalar mesons (7, K, g, n0) that live in the coset space
UB)rxU(3)/U(3)y = U(3). They are most conveniently
collected in a unitary matrix U(z) € U(3) with a phase
given by

det U(z) = (@), (3)
The field ¥ describes the singlet field 79 and is the extension
from the standard framework where the effective field is
an element of SU(3). Under chiral rotations, the effective
field U(z) transforms as

U'(x) = R(x)U ()L (x), (4)
so that its phase changes by
W' (x) = 1(z) —ilndet R + Indet L. (5)

Hence, the combination 1) = v + 6 remains invariant in
the effective theory under chiral U(3)r x U(3) L, rotations.
The covariant derivative of U involves left- and right-
handed sources,

DU = 8,U —ir,U +iUlp, (6)

with 7, = v, +a, and [, = v, — a,. In terms of these
building blocks the WZW effective action is given by [3,4]

Swzw (U,v,a) = Swzw (U) + Swzw (v, a)

N,
482

+ idrUlUTr — 18U UL+ X,UTArUL — S2UTrUI

+ Zpldl 4 Xpdil — 123 + 32080 —1531)

— (R L), (7)

(UBUTr + LoiutrUlUr + iUdUU Ty

where X;, = UTdU and we adopted the differential form
notation of [6],
v = dztv,, a =dz"a,,

d =dz*9,, (8)

r=9v+a,
l=v—a,

with the Grassmann variables dx* which yield the volume
element dz#dz¥dz®dz® = e**8d*z. The brackets (...)
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denote the trace in flavor space and the operation (R <+ L)
indicates the interchange of r with [ as well as of U with
UT, so that, e.g., X, is replaced by Yz = UdUT.

In order to extract the SU(3) version of the WZW term,
it is convenient to introduce the notation

U=es'l, detU = e, (9)

As the field 1) = 1) + 0 is gauge invariant, U transforms
in the same manner as U under chiral rotations, and its
covariant derivative is defined as

DU = 08,U —i(v, + a,)U + iU (v, — a,),
040 =a, — $D,0.

a, = a, — % (au) — (10)
In [6] it has been shown that the WZW term can be de-
composed as

SWZW(U7U7 CL) = SWZW(va7 a’) + /B? (1]‘)

with
f— Nc
14472
x (¢ (iF;DUDU" +iF;DU' DU

+2F-UFU" + 2F2 + 2F?) (12)

+ Y (F — Fy) (F; — Fy) —iDO (F;DUU' — F;U'DU))

and

Fr=dr —ir?,  Fy=dl—i* (13)

The quantities 7,/ are the QCD renormalization group
invariant parts of the left- and right-handed gauge fields
r=7+1D0,l = -1 Dfwith DO = d6+2 (a). Theleft- and
right-hand side of (11) actually differ by two contact terms
which transform in a non-trivial manner both under chiral
rotations and under the QCD renormalization group. In
order to obtain a renormalization group invariant anomaly,
one must remove these contact terms [6]. Since these two
terms involve the singlet axial vector field (a,) and the
derivative of the QCD vacuum angle, 0,0, they are not
relevant for the present work and can safely be neglected.

The first term in (11) contains the WZW term for the
SU(3) effective theory:

/d4l‘£wzw(0, v, @) = Swzw(U, v, @), (14)

while the second one is gauge invariant and does not con-
tribute to the anomaly. It is straightforward to show that
the expression B can be absorbed by contact terms of un-
natural parity at fourth chiral order:

d*x L

=iL1¢ (F,DUDU" + EDU'DU) + 2Ly (F,UFRUT)
+2Ls¢p (F? + F?) +iLyDO (F,DUU' — FUTDU)
+2Ls0 ((Fr) () + (F) (F) + 2Lt (Fy) (F), (15)
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where we employed the notation

F, =dr —ir?, F=dl —il? (16)
The vacuum angle 6 has served its purpose and will be
omitted for the rest of this section. Since we are interested
in radiative decays, we will furthermore set the external

vector and axial-vector fields
r=l=v=—eQ A, (17)

with A being the photon field. The anomalous Lagrangian
Lwzw in (14) relevant for the two-photon decays at the
one-loop level reduces then to

Swzw (U, v)

:/d 2Lz (U, 0)

= 481t2/d4< UTdUUU+ELUd1}+2LdUU—12LU>

—(R+ L), (18)
with U = e3¥U and £y, = UfdU.

The quark charge matrix @ of the u- d- and s-quarks
has usually been assumed to be independent of the number
of colors with Q = %diaug@7 —1,—1). However, the cancel-
lation of triangle anomalies requires @ to depend on N, [2]:

Q = dlag (Qiﬁ de QS)

e (L 2oLy
M N TN, TN,
. N 1
(%)

with Q = %diaug(Q7 —1,—1) being the conventional charge
matrix, while the second term is proportional to the baryon
number and gives rise to the Goldstone-Wilczek term. The
anomalous Lagrangian of (18) decomposes into the con-
ventional WZW Lagrangian of the SU(3) theory with the

charge matrix @ and a Goldstone-Wilczek term which van-

(19)

ishes for N. =3
= N Nc N
Swzw(U, 11) = Swzw(U,’U) + <1 — 3) Sgw(U,U),
A (20)
with o = —eQA and
Swaw(U Nee [((53 - 53)0) A
wzw (U, 1) = 182 <( 7L —2%) Q>
iN_e? A . o
- W/<2(ZL - YR)@
+Q(XLUTQU — 2RUQUT)> dAA, (21)
Saw (U, ) (22)

481t2/ 16;2 /<(2L - ZA‘R)Q> dAA.
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It has been shown in [2] that the N. dependent part of the
Goldstone—Wilczek term cancels both the 7—2+ and the 7—
2 vertices of the WZW Lagrangian, yielding at tree level
a decay width for these decays which does not depend on
N, if one neglects -7’ mixing. However, at the one-loop
level other vertices involving kaons will contribute to the
decays. One can easily show that, e.g., the vertex with two
photons and 7+, 7, 7% of the WZW term is canceled by
the N, dependent piece of the Goldstone-Wilczek term, in
agreement with the observation that the number of colors
does not appear in the effective theory for two flavors [2].
The vertices involving kaons, on the other hand, do not
cancel and an N, dependent piece remains for the vertices.
Consider as an example the vertex with two photons and
79 K+, K~ that contributes to the decay 7° — ~v. The
WZW term yields the vertex (neglecting mixing of the 7°
with the n—n’ system)

5N e?

+ 75— 3,0
ey K VK dn®dA4,

(23)

whereas the V. dependent piece of the Goldstone—Wilczek
term leads to

N_e?

— ¢ KTK~dr%dAA.
3672

(24)
Clearly, both terms do not compensate and a dependence
on N, remains in the final expression for the vertex. It is
therefore of interest to study the N. dependence of the
two-photon decays at the one-loop level.

3 Radiative decays at one-loop order

In the framework of large N, ChPT the expansion in powers
of momenta and light quark masses is combined with the
1/N,. expansion by ordering the series according to

p=0(V5),

In this bookkeeping, the WZW term Swyzw is of order
O(6), whereas the one-loop diagrams of the decays involve
the ratio m,/f? with f ~ O(v/8) being the pseudoscalar
decay constant in the chiral limit and are thus of order
O(8%), i.e. next-to-next-to-leading order.

Our starting point is the WZW effective action of the
U(3) theory

my=0(), 1/N.=0(5). (25)

Swzw(U,v) = /d493£wzw(U,U)

T 2/d4 ELUTdvUU—i-ZLvdv—&—ELdvv—lflLv>

—(R <« L). (26)
We expand the quark charge matrix @ in powers of 1/N,

1 1 1 1
= _diag | —+1,——1,— —1
Q 2dlag(Nc+ N, VW )
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1

1
— —diag(1, -1, -1
21ag(, , )+2NC

= Q(O) + Q(l),

where the superscript denotes the order in the combined
large N, and chiral counting scheme, i.e. Q® (QM")) is of
order O(1) (O(0)). With U = exp(i¢), one obtains for the
three decays from Swzw the tree level contributions

(27)

Loy — ];;j (dp Q) AdA (28)
= N6 QU2 + 2000 + (@] daa,

since Q©, QM commute with the diagonal entries of ¢ —
¢, %, ¢°. The terms on the right-hand side of (28) con-
tribute at orders §, 62 and 62, respectively, if one disregards
the N, dependence of ¢ in which a factor 1/f = O(1/+/N.)
has been absorbed. Hence, within large N, ChPT the ¢3
and ¢® decay amplitudes start at order O(62), whereas the
decay amplitude for the singlet field ¢° is of order §.

At fourth chiral order the unnatural parity Lagrangian
consists of more terms, which are gauge invariant, see (15),

Lot = Lwzw + L1, (29)
with
d*z Ly
= 2Va () (FURUT) + 2V5(4) (F2 + F?) (30)

+ 2V5(9) ((Fy) () + (F) (F1)) + 2V6(9) () () + -

where we have presented only the contact terms which

contribute to the decays at the order we are working.
The potentials V; are odd functions in v, so that the
leading contribution in the 1/N, expansion is linear in ).
The Lagrangian [:p4 can be expanded in powers of 1/N,:
Lo =LR + L5 + ... (31)

where the superscript denotes the order in the § expan-
sion with

d*2LE) = 2Ly (FURUT) + 2Lyt (F2 + F? ) (32)
and

A4z L) = 205 ((F2) (Fr) + () (F)) + 2Let (F) ().
(33)
The contributions from E;i) and 21()3;) are of order O(p*)

and O (Nicp‘l), respectively. Setting F,. = F; = —e@dA,

we obtain for 21(724)
d4x/j](;)

= 2¢2 {Ez + 2£3] 1/_1

B. Borasoy: The number of colors in the decays 7%, 1,17 — vy

% ((Q)2 +2Q0QW + (Q)?) dadA

301
— 2 C
_ek1(4 9N,

) ¥ dAdA, (34)

where k; = Q(Eg + 2i3) and the last term proportional to
(Q™M)? has been omitted, since it is of order O(6*) and
thus beyond our working precision. In a similar way, the

terms from E;i) reduce to

2Ll = Phot <Q<°>> <Q<°>> dAd4,  (35)

with kg = 2(2.Z/5 + EG)

From the renormalization group invariance of the ef-
fective Lagrangian it follows that ki and ko transform as
(cf. Appendix A for details)

No(Za—1)

kllren = ZAkl - 247'52 3

5™ = Zako, (36)

where Z 4 is the multiplicative renormalization constant of
the singlet axial current Ag = %Q’yM%q which transforms as
(A9)re™ = Z4 A, under changes in the QCD running scale.

At sixth chiral order the relevant terms for the de-
cays read

d*zLy = iW1 () (UXTF? + XTUF?)

+iWa(y) (\'FUR + UX'URU'F,)

+ iWs () (Ux') (F2 + F?) + iWa(¥) (UX") (U F,UF)
+ iWs(¥) (Fr + F) ([FU + URXT) + hee. (37)
The quark mass matrix M = diag(m,,, mq4, ms) enters in
the combination y = 2BM with B = — (0|gq|0) /f? being

the order parameter of the spontaneous symmetry viola-
tion. Expanding in powers of 1/N. one obtains

Lo=LP+LY, (38)

with the contributions £ at O(N,p°)

d'eL® =i ([Ux" — U F2 + [x'U - UTx] F?)

+ iy ([x' = UTXUT] EUF + [UX'U — x] RUTE,)

(39)

and £V at order O(p®)
dhzf®

=~ ([Uxt + U F2 + XU + UTX] F?)

— oV (X + UUT] FUF, + [UXU + x] RUTE,)

+ il (Ux" = xUT) (F? + F?)



B. Borasoy: The number of colors in the decays 7%, 7,17 — vy

+ i (Uxt = xUNY (UTRUR) (40)

+ il (F. + F) (RUXT - Ul Fx + URxT - RUTY),

where the potentlalb W; have been expanded according to
Wi = @ + iy g + 0@?).

The exphc1t1y symmetry breaking terms reduce to
the structures

d42L® = kge? <¢X [(Q<0>)2 n 2Q<0>Q<1>] > dAdA, (41)

with k3 = —4(w, o 4+ w( )) and

a'aL = e (kath (x(Q)%) + ks (o) ((@Q)?)

+ ke (Q©) (4xQ™)) dAdA,  (42)

with ky = (0" + @), ks = =220 + @), ke =
—8111;0), respectively. The scaling law for the parameter k,4
is given by (cf. Appendix A)

kflen Zaks + = [ZA — 1] ks, (43)
while the remaining parameters ks, ks and kg remain
the same.

Having discussed the tree diagram contributions to the
decays, we now turn to the calculation of the loops at order
03, After expanding the WZW Lagrangian in the meson
fields ¢ the contributing pieces at one-loop order read

d*zLwzw
_ _ivg; ((dglg, [¢, Q%]]) — (do[o, Qlle, Q])) AdA
o (oo A+ . o

The mesons inside the loops do not undergo mixing, as
@3, #® and ¢ loops do not contribute. The first two terms
in (44) contribute via tadpoles, whereas the last one repre-
sents a vertex of the unitarity correction, corresponding to
Fig. 1b. As the diagonal components of ¢ commute with @,
tadpoles with ¢, ¢® and ¢° do not contribute, and since
the photon couples only to charged mesons, the unitarity
corrections arise due to charged meson loops.

At order O(6%) only the Q) piece in (44) contributes.
From (Q(®)? = 11 it follows then that the first term van-
ishes and the tadpoles are entirely due to the second term.
Performing the loop integration, one obtains for the decays
the tadpole contributions

N, e?
24n?2 f2

D (diA + dicAx) ¢'dAdA,

1=3,8,0

(45)

with the tadpole given in dimensional regularization by

a4 i 1 mj
Ay = sIn—2
¢ /(2n)dl2—mi+ie 16n2 u? |’

(46)

2L+ —
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a b

Fig. 1a,b. One-loop diagrams contributing to ¢ — 7. In b the
crossed diagram is not shown

where L contains the pole at d = 4,

e e Py 4 ) (47)
T2 \d—4 2" ’

and p is the regularization scale. The coeflicients dé read

R G

Evaluating the unitarity corrections at order O(§3) for on-
shell photons and replacing @ in (44) by Q)| since the
contribution from Q™) is beyond the order we are work-
ing, one obtains exactly the same contribution as for the
tadpoles but with opposite sign. Hence, the one-loop cor-
rections to the decays at order O(§%) compensate each
other and the first non-vanishing non-analytic piece will
show up at order O(§%). This is also in agreement with
previous calculations in conventional ChPT, in which the
chiral logarithms were compensated completely by wave-
function renormalization and replacing f by the physical
decay constant F in the tree level expression [10,11]. How-
ever, within large N. ChPT the ¢ and ¢® decay amplitudes
start at order O(2), so that the leading non-analytic cor-
rections to the physical decay constant and wavefunction
renormalization will contribute at order O(§%) and do not
affect the amplitude up to order O(63). Any divergences
from the loop diagrams discussed above could then only
be renormalized by counterterms of the p® Lagrangian of
unnatural parity. This would clearly be in contradiction to
previous results [12,13].

So far, the ¢® amplitude does not contain an explicit
N, dependence due to the WZW term, but both the ¢®
and ¢ fields undergo mixing which results in the mass
eigenstates 7 and 7. Here, we work in the isospin limit of
equal up- and down-quark masses, m = m, = mg, so that
the ¢3 field decouples from the -7’ system. In the next
section, we will give an estimate on isospin breaking effects
due to different quark masses m,, # mq.

In order to describe n—n’ mixing up to one-loop or-
der, one must take into account the following terms of the
effective Lagrangian:
=LO 4O+ &4

Lo (49)
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which reads at lowest order &°

£ —fj<D UTD“U>+f—2< Ut+u T>imz2 (50)
g\ 4 WX XY

The next-to-leading order Lagrangian £(!) = O(§) contains
the terms

LW = Ls (D UTD"U (XU + UTx))

+ Ls (X'UX'U + U'xUTx) (51)

2 2
+ EAlDMz/)D“w + i%/w (XU -U'),
and £(?) is given by
L® = L (DU DU (xTU + UTX) + Le (x1U + UTy)”
+ L (XU = UT)?
+ iLlsD,ﬂﬁ <D#UTX -
+ Loz (UTxUTx — XTUX'U) + O(Np%).

D# UXT>
(52)

The terms n3 (D,UTD"*U) and ¢ (xUT + Ux') have been
omitted in £(?), since the pertinent unknown coupling con-
stants represent OZI violating corrections. Moreover, as in-
dicated in the last equation, counterterms of order O(N_p%)
with new unknown coupling constants will contribute at
order 62. We will neglect these contributions throughout,
assuming that they are of small size and do not alter our con-
clusions.

The fields ¢® and ¢° are related to the mass eigenstates
n and 1’ via

V2

E)

V2
13

¢ = {cos 9 — sinﬂ(O)A(l)} 7

+ {sin I + cos ﬁ(O)A(l)] n

V2
V3ED
V2
V3ED,

The decay constants FS and F,?, are defined by

=iv2p, Fy
= i\/ipHFg/,

with the normalization <)\“)\b> = 6% while the angles 9(*)

correspond to the mixing angle up to order O(6%) which
arises in the diagonalization of the ¢3-¢° mass matrix

@0 = [cos 9 AR — sinﬁ(Q)B} 7

+ [sin 9N AR 4 cos 19(2)8} n'

(0lgv.vsAqln)

(01gv,v5\%|n’") (54)
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1+ 4
sin 201 = sin 29 (\/1—:_721
8 r r r
—I-F—E{ZLé) L] (mie —m2) - F4L()>
sin 29 — L
3 |\m2, —m%}
o o 1+A2
% 2{ 2 _ 2}
( S AV
(r)
32 2 2 o 2Lg" —3Las
gz e i e e
16 r
+ 7 [ —mi] [2mic+m2 1LY + 20, — L)
24 r r 5
~ i [m2 — mi] (2Lé) +3L§8))7' (1 - 4/11)
64 2 2 (2
—|—F—7§ [mw—mK} [llm +m]L
16 r 1
+ 3 [m2 —mQ} [5m2 —|—m2]
Fg ™ K K ™
r 1 r
X (ng> (1 - 3/12) _ng>
3 m2 Al m2 AW
- 2F2 A( '+ Frr mi A
_ =AM 50052 90 £ L gip 290 in2 9
3F2A ( 7T{Qcos 9 +ﬁsm219 + 2sin“ ]

—m% [4 cos? 9 + 2/25sin 29 + 2sin? 19(0)} )

_ 1AW (m?T [ sin? 90 —

3P b f sin 299 + 2 cos 19(0)}

—m% [4 sin? 99 — 2/25in 29 + 2 cos? 19(0)D

+O(Nep?%)) (55)

where F, =~ 93MeV is the pion decay constant defined
in a similar way as in (54), and m,,, m,y are the diagonal

entries of the n—n' mass matrix. Furthermore, L(r) nd

A((;) = m/(16m%) In(m3/p?) are the finite parts of the
LECs and the loops, respectively, after renormalization.
It is straightforward to verify that the angles ¥(? do not
depend on the regularization scale of the effective theory.

The quantities 7%# and m x denote the pion and kaon
masses at leading order

m2 = 2B

=m2 (1 - %mi 210 - 1]
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+ é [COSQ 90 4 25in? 19(0)} Ag)

+ é [Sin2 9© 4 2 cos? 19(0)} Afﬁ’) )

m2 = B(m +m,)

_ (1 = %mK 2L - 1] (56)
8

(2m2 +m2) [QL(r)

1] -

- (3m,27/ +m?2) sin? 19(0)] Af;,).

F2
1

+ Tz [4m%( cos? 9(©)

1
(0) A(¥)
?7% cos 29 An >

The expressions A and B read

(r)2 2 2
(1 + Ap)i/4 + =Ls [ K+13mﬂ]

ort" +3L{) 8
3F2

32 ),
ﬁLé)Lé)[mﬁ{

B=1+4 [2m%<+mfr]

4
3F2
x <3Lff) - Lér) +

64
9F4

2Ly + 3L
V1+ Ay

3L + LY 3Ly
1+ 4,

1% Bk — amZmY +3m?]. (57)

For the ¢® decay we have only kept the pieces up to next-to-
leading order, since the terms beyond that order contribute
at O(6%). In the case of the ¢° decay, on the other hand,
one must keep also the contributions at next-to-next-to-

leading order. The values of the couplings Ay, As, L(fg and
Los are not known and depend on the running scale of
QCD. As they represent OZI violating corrections, we will
omit them, but, strictly speaking, we cannot expect that
all neglected terms vanish at the same scale. Furthermore,
the parameter 7 is related to the mass of the 5’ in the chiral
limit which was estimated in [9] to be about 850 MeV. This
translates into a value of 7 ~ 1 x 1073 GeV*.

Including the mixing from (55) we obtain the ampli-
tudes

B, B .
e2 7+ (n {cos 9 — 811179(0).4(1)]
Fy

Fr
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B,
+ % [Cos 9 A —sin 19(2)B}> n
Fn’
B
+ (an [sin 9 + cos 19(0)./4(1)} (58)
B,
+ Fno {sin 9 AP 4 cos 19(2)3}> n' | dAdA,
,r]/
where 70 is related to the ¢ field via
0 f 3 Fﬂ' 3
R it T 59)
with the pion Z-factor
4 r
V2 =1~ = m2 L (60)
and the decay constant
Fr=f <1 + L(’)> (61)

to the order we are working. The coefficients By read

P Ne 2
B7r - 4\/57[:2 <>\3Q >

+ Vaks (Qax [(Q)? + 200 )
+ V2hs Q) ((Q0)2) + V2ks ( Q)

) ().

— Ne 2
B"7 - 4\/?71:2 <A8Q >

+ Vaks (ex [(Q)? + 2010 )
+ V2ks (Asx) ((Q)2) + Vaks (Q

o) (10).

B

n = 4\/>n2 <Q >
+ 6k <(Q(o>)2 + 2Q<0>Q(1>> + V6ks <Q<o>> <Q<0>>

- \/zkg (x[(@™)2 +200"])

+ V6ky <X(Q(0))Q>

+ \/gl% {x) <(Q(O))2> + \/ng <Q(O)> <XQ(O)> . (62)

Due to the N, dependence of the quark charge matrix @
the expressions By and B,, start at order 82, whereas B,
contains a piece of order O(¢). Substituting these relations
into (58) yields the decay widths

B 2

2,3
Io_syy = @m0 7
s

)
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Iy = a%m% F—;’ [cos 91 —sin 19(0).,4(1)}
n
5 2
+ Fg/ [cos 9N AR — sin 19(2)8}
n’

B
F—g [Sin 9D + cos 19(0)/1(1)}

n

_ 2 3
F”],‘V‘/'Y = TCmn/

, (63)

B/
+FZ

[sin 9D AP+ cos 19(2)8}
7'

with a = e?/4m. In the § expansion the leading order
contribution to the decay width of the 7 is given due to
mixing by the leading contribution in B, and is comparable
in size with the B, portion. The numerical values will be
discussed in detail in the next section.

4 Numerical analysis

Equations (55) and (57) are utilized to obtain values for the
mixing angles 9(*) and the expressions A%, B, respectively.
For the LECs Lz(f,)5,6.,8, L+, we take values which follow from

matching the U(3) theory to the SU(3) framework by in-
tegrating out the singlet field [6,19] at the regularization
scale 1 = 1GeV, L (1) = —0.5, L8 (1) = 1.0, LY (u) =
—0.3, Ly = —0.3, L{” (1) = 0.7 (all in units of 10~3). Note
that integrating out the singlet field only alters the LECs
Lér), L;and Lér), and their values in the U(3) framework are
within the phenomenologically determined error ranges of
the SU(3) LECs. Moderate variations of these LECs yield
small changes in the decay amplitudes with the largest
changes induced by variations in Lr roughly at the 10%
level. Our conclusions are therefore not altered, if slightly
different values for the LECs are employed. Using the ex-
perimental values for the pseudoscalar meson masses, we
obtain 9(© = —21.8°, 91 = —15.8°, ¥(2) = —19.8°.

By employing (63), we can now fit the ratios B, /Fy,
Bn/FS’, Bn//F;]), to the decay widths o\, I7qyq,
Iy . The experimental values for the decay widths
are [20]

Tro_yyy = 7744+ 0.55¢V,
[y sy = 0.465 + 0.045keV,

Iy oy = 4.28 £ 0.34keV, (64)
and the fit to the central values yields
Br/Fr = —0.133GeV ™1,
B, /F? = —0.0522GeV ",
By [F) = —0.192GeV ™" (65)

For the pion decay constant F, we employ the physical
value F; ~ 93MeV, while Fﬁ can be extracted from a
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one-loop calculation with F = 1.34F [7]. It is consistent

to take the one-loop results for F); and Fg, since the differ-
ence with respect to the next-to-leading order expressions
shows up at 4% in the decay amplitude and is, therefore,
beyond our working precision. The values for B, /F, and
B, /F} from the fit are close to the contributions from

the anomalous WZW term, BVZW /F, = —0.136 GeV 1,
B:;VZW/FfIS = —0.0587 GeV !, indicating that the portions
from the counterterms of unnatural parity are small. Omit-
ting higher orders beyond 63, they contribute with a rela-
tive strength of about 2% to B, and 10% to B,,. In order
to get an estimate for Fr?,, it is thus justified to assume
that the counterterm combination in B, is small as well.
Of course, both the counterterms and Fg, depend on the
renormalization scale piqcp, but we will assume that for a
certain range of puqcp the counterterm contributions are
negligible. For such a pqcp, the ratio BXYZW/FT(]’, is then
reproduced by setting F,?, ~ 1.16F, a value slightly larger
than in previous calculations [10,11].

In particular, we would like to investigate whether a
clear statement can be given on the number of colors by
utilizing the 1/N, expansions of the decay amplitudes. The
cancellation of Witten’s global SU(2);, anomaly requires
N. tobe odd [22]. The standard model with N, = 1is with-
out strong interactions. We will therefore restrict ourselves
to a comparison of the numerical results for N, = 3 and
N, = 5. Setting all non-anomalous contact terms of un-
natural parity to zero, the decay width for the 7 in a world
with N, = 5 reads Févgj?y = 1.002keV, to be compared
with the decay width in the real world with three colors,

INe=3 = 0.511keV. For the / we obtain I/ = 4.21keV

and I’ é\f C_i/‘: = 12.8keV. The experimental values for the 7
and 7’ decays clearly rule out N, = 5 and varying the val-
ues for the omitted coupling constants of the counterterms
within realistic ranges does not alter this conclusion.

Finally, we would like to give an estimate on the N,
dependence of the 7° decay width due to different up- and
down-quark masses. In the case of different up- and down-
quark masses, the ¢ field undergoes mixing with both
the ¢® and ¢ field. In order to get an estimate, we will
restrict ourselves to the mixing at leading order in the ¢
expansion. The fields ¢2, ¢® and ¢° are then related to the
mass eigenstates via

V2

¢ =5 (7" —en =€), (66)
2

P % (cos 9O (1) + en®) + sin 9 (i + 6/W0)> :
n

n’

+ cos 9O (f + e/w0)> ,
with the mixing parameters

V3mg — my
60:77/\
4 mg—m’
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cos 9@ — /2gin9(©

1+ % tan (@)’

, sin 9(©® + /2 cos 9(©)

cTeOT T %ctgﬁ(o)

:60

(67)

The parameter €, can be expressed in terms of physical

meson masses by applying Dashen’s theorem [14], which

implies the identity of the pion and kaon electromagnetic

mass shifts up to O(e?p?):

M3 — Mies + M2 —m2, (68)
\/g(m% —m2)

€y =

There have been estimates in the literature that Dashen’s
theorem is significantly violated at higher orders due to
chiral symmetry breaking effects [15-17]. On the other
hand, a recent non-perturbative approach to the hadronic
decays of  and 7 indicated that higher order corrections
to this low-energy theorem may be small [18]. In any case,
the isospin violating effects in the decay widths constitute
a small correction, so that it is safe to employ Dashen’s
theorem in the present work.

This time the fit to the central experimental values yields

B./F, = —0.134GeV !,
By /F} = —0.0598GeV ",

By [F) = —0.208GeV ™, (69)
and setting FY, = 1.07F; in the ratio BY*W/FJ, repro-
duces the fitted value.

It should be emphasized that we fitted our results to
the current world average value for Io_,,, = 7.74 £
0.55eV [20]. On the other hand, it is possible to estimate
in a model dependent way the size of the counterterm con-
tributions. In [21], e.g., the values of the counterterm con-
tributions to the 7% decay have been estimated by means
of a QCD sum rule for the general three-point function in-
volving the pseudoscalar density and two vector currents.
Within that approach the authors find a slightly enhanced
width of I';o_,, = 8.10 & 0.08eV.

A comparison of the numerical results for N, = 3 and
N. = 5 and setting all non-anomalous contact terms of un-

. . N.=3 __ Ne=5
natural parity to zero yields ]A}(,_;W = 8.00eV, Fﬂ;\Jﬁ_75W =
8.18eV for the pion decay, 1]'\'?,}377 = 0.456keV, Fgf,cjgv =
0.920keV for the n and Fn,;w = 13.7keV, Fn,;w =S

4.28keV for the n'. Again, N, = 5 is ruled out by the
7 and 7’ decays, but no rigorous statement can be made
for the 7°, although the value for N, = 3 is in better
agreement with the current world average.

5 Conclusions
In the present work, we investigated the two-photon de-

cays of 7%, and 1’ in the combined 1/N, and chiral expan-
sions. The cancellation of triangle anomalies in the standard
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model requires the quark charges to depend on N.. We have
shown that the WZW term of the U(3) effective theory de-
composes into the conventional anomalous SU(3) WZW
Lagrangian, a Goldstone-Wilczek term and counterterms
of unnatural parity which involve the singlet field 79. The
independence of the 7% and 1 decay amplitudes on N,
which was shown in [2] to occur at tree level due to partial
cancellations of the WZW term with a Goldstone—Wilczek
term, persists at one-loop order, although the vertices of
the pertinent loop graphs do exhibit an N. dependence.

We performed a one-loop calculation including coun-
terterms up to next-to-next-to-leading order in large N,
ChPT in which n—' mixing has also been taken into ac-
count up to one-loop order. Within the bookkeeping of
large N. ChPT, the leading contribution to the n decay
arises from mixing with the 7’.

From a fit to the experimental decay widths and under
the assumption that higher orders beyond our working
precision can be neglected, it follows that contributions
from the counterterms are small. Since the cancellation of
Witten’s global SU(2);, anomaly requires N, to be odd
and a world with N. = 1 has no strong interactions, we
compare the cases N, = 3 and N. = 5. The numerical
results of the n and n’ decay widths for N, = 3 are close
to the experimental values and clearly rule out the case
N, = 5. We have furthermore given an estimate on the
N, dependence of the pion decay due to different up- and
down-quark masses by taking 7%-n-n’ mixing at leading
order into account. The N, dependence of the 70 decay is
smaller than the experimental uncertainty and is therefore
not suited to extract the number of colors. We conclude
that both the n and the n’ decay show clear evidence that
we live in a world with three colors.

It has been pointed out in [2] that at tree level the
process  — wTm~« is proportional to N2 and should
replace the textbook process 7° — v+ lending support to
N, = 3. It will be thus of interest to investigate the decays
n — 7t~y and ' — w7y within the framework of
large N. ChPT [23].

Acknowledgements. The author is grateful to Edisher Lipartia
and Robin Nifller for useful discussions.

A Scaling behavior of the coupling constants

In this appendix, we derive the scaling behavior of the cou-
pling constants which contribute to the decays. The trans-
formation properties of the constants Lo 3 have already
been given in [6] and we merely quote the result here. The

quantities Lo and L3 are renormalized according to

LYY = Zalo —k,  LY¥"=ZaLs— K, (A1)
with N.(Z 0
o c\4A —
K= = (A.2)

Since the singlet field ¢ scales as ¢ = Zzlﬁ, the scaling

behavior of ~§e§ ensures that the Lagrangian Lwzw +
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ﬁz(j) remains invariant to order §2 under changes of the

QCD running scale. In order to study the transformation
: 7 e A3,

properties of Ls ¢ we rewrite L',p4 :

£E) = 2Lsp (Fy) (Fy) + (B () + 2Lt (Fy) (F)

— 2 [2i5 + iG] (dv) (dv)

+29) [2£5 - Eﬁ} (da) (da) . (A.3)
This yields the transformation properties
(2I~/5 + ie)ren = ZA(2I~/5 + iﬁ),
~ - ~ ~ N.(Z3 —1)
2L5 — Lg)™ = Z3(2L5 — L) — =42 (A4
(2Ls — Le) 4(2L5 — Le) 15202 ;(A4)

so that the Lagrangian Lwzw + /jﬁ) + LNSL) remains renor-
malization group invariant. ~ ~

On the other hand, the contact terms W7 and W5 in
the Lagrangian of sixth chiral order can be written as

W ()es? (UX'F? + x'UF?) (A.5)

+ iWa()es? (N FUF + UXTORUTE) + he + ...

The ellipsis in (A.5) denotes terms with more than one fla-
vor trace which involve contributions from other contact
terms and are irrelevant for the discussion of the scaling
behavior of W7 and Ws. From (A.5) we obtain the trans-
formation properties

Wi (2)"® = Wi (Zaz)es Za=be,

Wa(z)'" = Wo(Zax)es (Za—Dz, (A.6)

Expanding the potentials W; in the singlet field 9 yields
for the two leading expansion coefficients

~ 0 ren
(@)

: " (A7)

)

1
(djgl))ren — ZAQI)O) + 3 i=1,2.

K2
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